Localizability of Tachyonic Particles and Neutrinoless Double Beta Decay 
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The quantum field theory of superluminal (tachyonic) particles is plagued with a number of 
problems, which include the Lorentz non-invariance of the vacuum state, the ambiguous separation 
of the field operator into creation and annihilation operators under Lorentz transformations, and the 
necessity of a complex reinterpretation principle for quantum processes. Another unsolved question 
concerns the treatment of subluminal components of a tachyonic wave packets in the field-theoretical 
formalism, and the calculation of the time-ordered propagator. After a brief discussion on related 
problems, we conclude that rather painful choices have to be made in order to incorporate tachyonic 
spin- 1 particles into field theory. We argue that the field theory needs to be formulated such as 
to allow for localizable tachyonic particles, even if that means that a slight unitarity violation is 
introduced into the S matrix, and we write down field operators with unrestricted momenta. We 
find that once these choices have been made, the propagator for the neutrino field can be given 
in a compact form, and the left-handedness of the neutrino as well as the right-handedness of the 
antineutrino follow naturally. Consequences for neutrinoless double beta decay and superluminal 
propagation of neutrinos are briefly discussed. 
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I. INTRODUCTION AND OVERVIEW 

A. Tachyonic Quantum Mechanics 

After the early attempts by Sudarshan et al. (Refs. [J- 
H| and Feinberg (Refs. [5, 6j), tachyonic field theory has 
been scrutinized because a number of problematic issues 
were discovered and discussed at length in the litera- 
ture Insightful reviews on the history of tachy- 
onic quantum dynamics and tachyonic quantum field the- 
ory are given in Refs. (l5l - [r7l |. A priori, Lorentz in- 
variance does not imply that velocities greater than the 
speed of light arc forbidden in nature. The Lorentz 
transformation singles out the speed of light as a lim- 
iting velocity, not as the maximum velocity allowed 
in nature. Indeed, superluminal Lorentz transforma- 
tions have been discussed in some detail in the liter- 
ature (e.g., in Refs. [l|, ). A superluminal particle 
cannot be stopped, its velocity always remains greater 
than the speed of light, when measured from subluminal 
frames of reference. The Einstein addition theorem re- 
mains valid for superluminal particles. The velocity u' 
of a superluminal particle measured in a moving frame, 
u' = (u—v)/(l—uv) always is superluminal, u' £ (—1,1), 
if u > 1 is superluminal in the rest frame, and the rela- 
tive velocity of the frames fulfills — 1 < u < 1 , as a quick 
inspection shows. (We set the speed of light c = 1 in this 
article.) Tachyons are particles whose dispersion relation 
reads as 



E 



V^ 2 



1 



P = 



1 



, E 2 -p 2 = -m 2 , (1) 



where u = \u\ > 1 is the (magnitude of the) velocity of 
the particle. The "rest frame" of a tachyon is the frame 

of infinite velocity, where the energy dm. pro_ 

vided the mass term m is not in itself energy-dependent, 



a tachyon becomes faster as it loses energy, by virtue of 
the Lorentz- invariant dispersion relation ([T}. Note that 
p = \p\ = Eu > E, because u > 1. While the relation 
E 2 — p 2 = —m 2 is obtained from the usual (tardyonic) 
dispersion relation E 2 — p 2 = m 2 by the simple replace- 
ment m->im, the equations describing tachyonic parti- 
cles do not follow from the wave equations for subluminal 
particles by the same, simple replacement. Rather, the 
following equation, 



(iffy 



"/ 5 m)->p(x) = 0, 



(2) 



has been proposed for tachyonic spin-i particles 
Here, the 7 M are the Dirac matrices, and = d/dx^ 
is the derivative with respect to space-time coordinates, 
whereas 7 5 = i 7 7 1 j 2 7 s is the fifth current matrix. In 
Hamiltonian form, the equation reads 



H 5 =a-p + /3 j 5 



(3) 



where a = 7 7 and ft = 7 . This Hamiltonian is not Her- 
mitian but pseudo-Hermitian (23T - [32| and has the prop- 
erty 



H 5 {r) = P H 5 (-r) P- 1 = VH 5 {r)V- 



(4) 



where P = 7 is the matrix representation of parity 
and V is the full parity transformation. The pseudo- 
Hermitian property makes the Hamiltonian usable for 
practical calculations [HI and ensures that its energy 
eigenvalues are real or come in complex-conjugate pairs. 
In view of (/?7 5 ) 2 = — 3-4x4) the matrix multiplying the 
tachyonic mass term in Eq. ([3]) is multiplied by a matrix 
representation of the imaginary unit rather than by the 
imaginary unit itself. The quantum dynamics induced 
by the Hamiltonian ([3]) have been studied in Ref. [22| 
and imply that all resonance energies in the spectrum of 
the Hamiltonian H§ fulfill the tachyonic dispersion rela- 
tion ©. 
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B. Tachyonic Quantum Fields 

The main problems in the construction of a tachyonic 
field theory are as follows. Under a Lorentz boost with 
velocity v, as emphasized by Feinberg Q , the energy and 
momentum of a particle transform as 

E> = 7 (E-p-v), 7 =— L=, (5) 

yl — v z 

into the moving frame, in analogy to t' = j(t — v ■ x) 
(we assume v < 1). Under certain conditions, we thus 
transform E > into E 1 < upon Lorentz transforma- 
tion, if the particle is tachyonic (p > E). Therefore, some 
of the particle annihilation operators transform into an- 
tiparticle creation operators under Lorentz transforma- 
tions; the separation of the field operator into creation 
and annihilation contributions is no longer Lorentz in- 
variant. The sign change in E occurs precisely if and only 
if the time t a also changes sign under a Lorentz transfor- 
mation. Therefore, if we accept the fact that the vacuum 
undergoes a Lorentz transformation, then the calculated 
cross sections actually are Lorentz invariant [H, Q . This 
is tied to the Feinbcrg-Sudarshan rcintcrpretation princi- 
ple 0, Q . Note that in ordinary quantum field theory, the 
identification of antiparticles as negative-energy particles 
traveling backward in time (equivalent to positive-energy 
antiparticles traveling forward in time, with the values of 
all additive physical quantities reversed) is also tied to 
a reinterpretation principle. The difference between the 
rcintcrpretation principle for tardyonic versus tachyonic 
particles is not in the reversal of the arrow of time; it 
is solely in the fact that in the case of tachyonic parti- 
cles and antiparticles, the separation into creation and 
annihilation parts is not Lorentz-invariant. 

If one does not separate the field operator into annihi- 
lation and creation parts, then one has to write it down 
in terms of annihilation operators only 0, Q . This could 
seem to be attractive because the separation in this case 
is Lorentz-invariant, but one then has to perform consid- 
erable effort in the calculation of a propagator, even in 
the case of scalar tachyonic particles @, Q- We there- 
fore prefer to use the concept originally developed in 
Ref. 0, [(| , even if the Lorentz covariance of the vacuum 
is extremely painful from the point of view of axiomatic 
field theory. We note, that the Lorentz-mediated conver- 
sion of creation into annihilation operators is restricted 
to a small kinematic domain. Using Eq. ([T]), we have 
E' = m(l-uti) /yV-1 and therefore E' < if and only 
if u > 1/v. For two laboratories on Earth traveling with 
respect to each other at a relative velocity of v ~ 10~ 6 , 
this means that the creation/annihilation paradox affects 
only those tachyonic states with u > 10 6 , i.e., tachyonic 
particles with energies E < m/10 3 . For a hypothetical 
tachyonic neutrino with a tachyonic mass of 1 eV, this 
affects neutrino states with energies E < 10 -3 eV, which 
are clearly irrelevant for laboratory-based measurements 
(see also the discussion below in Sec. IIVI for further in- 
sight into this problem). 



C. Localizability 



Another conceptual problem has never been satisfacto- 
rily addressed in the literature: namely, if we try to solve 
either the tachyonic Klein-Gordon or the tachyonic Dirac 
equation using a plane- wave ansatz of the form exp(i/c • r) , 
then the tachyonic energy 




becomes imaginary for |fc| > m (we here anticipate the ie 
prescription a la fagon Feynmanienne) . If one restricts 
the domain of allowed momenta to the region \k\ > m, 
then the plain-wave solution proportional to cxp(ifc ■ r) 
do not form a complete set of eigenstates of the Hamil- 
tonian any more. Fourier transformation becomes prob- 
lematic, and also, a tachyonic wave packet proportional 
to a Dirac-<5 (eigenstate of the position operator) can- 
not be expanded into plain-wave eigenstates any longer. 
This has led to criticism 0, We here argue that 
the states with |fc| < m should not be excluded from 
the theory. In the mathematical sense, the states with 
|fc| < m constitute resonances of the tachyonic Hamil- 
tonian with complex resonance eigenvalues (resonances 
for ImE > and antiresonances for ImE < 0). If one 
allows the resonances, then the domain of allowed wave 
vectors is no longer restricted. One can then localize 
(and measure the position of) a tachyonic particle, and 
furthermore, field-anticommutators and propagators as- 
sume their usual, localized form. The decay (in time) of 
the resonances is thus interpreted as a genuine property 
of the tachyonic field when observed from a subluminal 
reference frame. The observation of the tachyonic wave 
packet from a subluminal frame leads to the elimination 
(evanescence) of subluminal components from the prop- 
agating tachyonic wave packets; the components with 
\k\ < m constitute evanescent waves. Such a situation 
is not uncommon in physics. E.g., a particle bound in a 
cubic anharmonic oscillator potential is propagated via 
resonances with complex- valued resonance energies [33j : 
the energies become complex because a classical particle 
in a cubic potential escapes to infinity in finite time. The 
corresponding matter waves are evanescent. We have no 
better interpretation but to assert that for a particle vis- 
iting us "from the other side of the light barrier," sub- 
luminal components in wave packets must be suppressed 
(evanescent) because they are incompatible with the gen- 
uine superluminal nature of the tachyonic particle. The 
inclusion of the ie damps the particle solutions (positive 
energy, forward in time) and the antiparticlc solutions 
(negative energy, backward in time) consistently such as 
to dampen the wave amplitude accordingly. 
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D. Implications of the Tachyonic Formulation 

The formalism detailing all above mentioned concepts 
is outlined below, for the case of a tachyonic spin-i par- 
ticle. The question then is, given we are willing to invest 
so much effort in formulating a quantum field theory of 
tachyons, and given that we have to give up a number of 
esteemed axioms of field theory for incorporating them, 
what is the return of the investment? We can state that 

(i) the tachyonic Dirac equation seems to have ex actly 
the right symmetries for the description of neutrinos [22J , 

(ii) the tachyonic Dirac theory has the correct massless 
limit (shown below), and (iii) the suppression of right- 
handed helicity neutrino states, and left-handed helicity 
antincutrino states, follows naturally from the tachyonic 
theory because the suppressed states have negative norm. 
Furthermore, (iv) we need some form of a tachyonic field 
theory if the MINOS Q and OPERA [H data should 
stand the test of time, and if new measurements should 
confirm low-energy neutrino data [36U42j which show an 
apparent trend toward negative values for the neutrino 
mass square. (The neutrino mass square exhibits a clear 
trend toward negative values in all measurements, with 
the magnitude of the mass square increasing with the en- 
ergy of the neutrino. The latter point is not subject of 
the discussion in the current article.) 

We proceed as follows. In Sec. [HI we discuss the spinor 
solutions of the tachyonic Dirac equation. Quantum field 
theory of tachyons is discussed in Sec. IIII1 where we also 
calculate the propagator for tachyonic spin-i particles 
based on the time-ordered product of field operators. 
Neutrinoless double beta decay is discussed in Sec. [V] 
Finally, conclusions are reserved for Sec. IVII In particu- 
lar, we here attempt to improve on an earlier work [l2l ] to 
quantize the tachyonic spin-^ theory. The Fourier trans- 
form of our propagator is related to the inverse of the 
Hamiltonian, as it should. Units with h = c = €q = 1 arc 
used throughout the paper. 



II. SOLUTIONS OF THE TACHYONIC 
EQUATION 

Starting from the solutions for the massless Dirac equa- 
tion, we proceed to the calculation of the solutions of the 
tachyonic Dirac equation by an obvious generalization. 
The helicity basis is a convenient starting point for the 
calculations. The cigenfunctions of the operator a ■ k are 
given by 



a+{k) 



a_(fc) 



" \ 2) 

i) piv 



-sin(f) e"^ 



(7a) 



(7b) 



Here, 6 and ip are the polar and azimuthal angles of the 
wave vector k, respectively. They fulfill the relation a ■ 



ka±(k) = ±|fc|a±(fc). The normalized positive-energy 
chirality and helicity eigenstates of the massless Dirac 
equation are 



u (k) = — ^ 
y/2\ a+(k) 



^ v/2 ( -o_(£) 



(8) 

These eigenstates immediately lead to plane-wave so- 
lutions of the massless Dirac equation. Denoting by 
p = — iV the momentum operator, the massless Dirac 
Hamiltonian reads Hq = a ■ p, where a = 7 7 is the 
vector of Dirac a matrices. We use the Dirac matrices in 
the Dirac representation, 



l 2 x2 \ ^_ / a 

-laxa J ' 7 V -9 

l 2x 2 

1 2 X2 



The positive-energy solutions have the properties 
a-pu±{k)e i% - ? = \%\u±{k)e itp , 



(9) 



(10a) 



\P\ 



u± (fc) e Ifc - r = 7 5 u± (A) e I/£ - r = ±u± (A) e Ifc ' r . (10b) 



For the negative-energy solutions of the massless Dirac 
equation, we obtain the charge conjugate solutions of the 
ones for positive energy, 



(11a) 
(lib) 



v-(k) = Cu+ik) 1 





( -a+{k) 




\ -a+(k) 




( -a_(fc) 







where C = i~f 2 j° is the charge conjugation matrix. The 
negative-energy states fulfill the relations 



a-pv±(k)e ife ' F 



\k\v ± {k)e*- r , 



(12a) 



\P\ 



v±(k) e lk r = 7 5 v±(k) e lfc ' r = ±v±{k) e 1 



ik-r 



(12b) 



The subscripts ± of the u and v spinors correspond to the 
chirality (eigenvalue of 7 s ), which is equal to helicity for 
positive-energy eigenstates, and equal to the negative of 
the chirality for negative-energy eigenstates. Because of 
the relation (7^^— 7 s m) 2 = k 2 +m 2 = E 2 — k 2 +m 2 , the 
generalization of these solutions to the massive tachyonic 
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Dirac equation are rather straightforward. We find 

7 5 m — /s 



U+(k) 



V2 y/(E- \k\) 2 + m 2 

( m-E+\k\ 

v/2 y/(E- \k\) 2 + m< 
m + E - \k\ 



:U+(k) 



a+(k) 



\ V2^/(E-\k\) 2 + 



m- 



ft — 7 5 m 



V2^J(E-\k\y+m 
( m + E-\k\ 



V2yJ(E-\k\)* + 
-m + E- \k\ 



a+(k) 



-(*) 



a_(fc) 



(13a) 



V V2yf(E-\k\)*+: 



a_(fc) 



(13b) 



/ 



where ft = 7^ k^ is the Feynman dagger. The massless 

limit to — > is recovered by observing that E — > |fe| for 
a particle approaching the light cone (called a luxon). 

So, U+(k) — > u + (k) and U-(k) — > U-(k) in the massless 
limit. The negative-energy eigenstates of the tachyonic 
Dirac equation are given as 



V+(k) 



7 5 to + f, 



V2^/(E-\k\) 2 +m 2 
( -m-E+\k\ 



u+(k) 



V2^/(E-\k\r+' 

-m + E—\k\ 



V-(k) 



a+(k) 
_ a+(k) 

\ V2yJ(E- \k\f+m 2 J 
u-(k) 



(14a) 



7 to 



V2^(E- \k\) 2 +m 2 

( -m + E-\k\ 

V2\J{E- \k\) 2 +m 2 
m + E- \k\ 



a-{k) 



a_(fc) 



^ V2tJ{E- \k\) 2 +m 2 J 



The corresponding positive-energy solutions of the mas- 
sive tachyonic Dirac equation are given as 



*(a:) = £/±(fc)e~ , k={E,k), E = \j k 2 - m 2 , 

(16a) 

(ij tl d f ,--/ 5 m)^(x) = (Y l kf, -7 5 ?7i)*(x) = 0, (16b) 
®(x) = V ± {k)e ik - x , k=(E,k), E=Jk 2 -m 2 , 



(16c) 



(i7 M d M - 7 5 m) ip(x) = (-7^ ^ - 7 V)$(a;) = . 



(16d) 



Here, \& is for positive energy, and $ is for negative en- 
ergy. All above formulas are valid for 



|fc|>m, E= \Jk 2 -m 2 e JR. (17) 



For \k\ < to, one encounters resonances. We define the 
width T of a resonance of the tachyonic Dirac Hamilto- 
nian as follows, 



E = ± v fc 2 — to 2 — i e = =F i — 



r = 2 Y to 2 — k 2 , \k\ < to . 



(18a) 
(18b) 



The wave functions describing the resonances are as fol- 
lows, 



/ TO + ir + |fc| 



( 14b ) R + (k) 



In the massless limit, as before, we have V+(k) — > v+(k) 
and V-{k) — > v-(k). The states are normalized with 
respect to the condition R-(k) = 

U+(k) U+(k) = U+(k) E7_(jfe) 

= V^(k)V + (k) = V+(k)V-(k) = 1. (15) E = 



V2 


V^ 2 


+ TO 2 


+ |r 2 




TO — 




|fc| 


V2 


\A 2 


+ 77J 2 


+ K 2 




TO — 




|fc| 


V2 




+ TO 2 


+ |r 2 




-TO - 


- ir - 

2 L 


\k\ 


V2 


v^ 2 


+ TO 2 


+ |r 2 


3 r 


i 

— 2 


y to 


- fc 2 , 



a+(k) 
a+(k) 

J 

a-(k) ^ 



(19a) 



.(fc) 



(19b) 



|fc|<m. (19c) 
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The antircsonance eigenstates are 



S+(k) = 



S.(k) 





— 171 - 


4 r + 


-|fc| 






+ TO 2 


+ |r 2 




-TO H 


-|r- 


■1*1 


V2 


y/fr 


+ TO 2 


+ \? 2 




-TO H 




- 1^1 


V2 


^fc 2 


+ TO 2 


+ |r 2 




m + 




\k\ 


V2 


ft* 


+ TO 2 


+ ir 2 



a+(fc) 
a+(fc) 

a_(fc) 
a_(fe) 



(20a) 



(20b) 



(20c) 



|fc| < m . 

These states are normalized according to 
R+(k)R + (k) = Rt(k) JL-(fc) 

= S*+(fc)S*+(fc) = S*l(fc)S*_(fc) = 1. (21) 

The rest frame for tachyons is that of infinite speed [H, 
\l2^ . which corresponds to |fc| = to and E — > 0. The 
eigenstates simplify in this limit to read 



a+(fc) 




|fc|-»m, (22a) 





-a_(fc) 



U-{k) -> i?_(fc) -> ( 
The negative-energy spinors tend to the following values, 





-a+(fc) 

-a_(fc) 




|fc|->m, (23a) 
|fc|->-m. (23b) 



One observes that the massless solutions © and (fTTj) 
cannot be normalized according to the covariant expres- 
sion uu = m+7°m, because this expression vanishes for 
all four solutions indicated in Eqs. (JSJ and (jTTJ) . In the 
massive case, we calculate after some algebraic simplifi- 
cation, 

U + (k)U + (k) = ^-, [7_(fc)[/_(fc)= ™ (24a) 
\k\ \k\ 



V+(k)V+(k) 



m 

W\ 



V-{k)V-(k) = -=r, (24b) 
\k\ 



By a multiplication with (I^I/to) 1 / 2 , we can thus obtain 
covariantly normalized spinors U a {k) and V CT (fc), which 



fulfill the following chirality-dependent normalizations, 
U a {k)U (T (k) = U+ (fc)7°W CT (%) = *, (25a) 

V G (k) V a (k) = V+ (fc) 7 ° Va (k) = -a , (25b) 

where <r = ± is the chirality. We here indicate these 
solutions for the eigenstates with real energy eigenvalues, 
in the normalization (|25[) . and start with the positive- 
energy solutions. 



U+(k) 



( m-E+\k\ r \ 



a+(k) 



m + E- \k\ 



\ 2^m~^\k\-E 
( m + E-\k\ 



(26a) 



H-(fc) = 



a-{k) 



2^Ti^\k\-E 
-m + E- \k\ 



a-{k) 



\ 2^Fi^\k\-E 



(26b) 



/ 



The negative-energy spinors in the normalization (1251) arc 
given as 



/ -m-E 



V+(fc) 



= a+(fc) 



2^\/l fc l _jB 
-m + £ - Ifcl 



V 2V^\/I fc l ~ E 
( -m + E-\k\ 



V_(fc) = 



a+(fc) 



a_(fc) 



(27a) 



m + E - \k\ 



a-(k) 



\ 2^m~J\k\-E 



(27b) 



/ 



In the following, we understand that for \k\ < to, the 
U± and V± are defined as the resonances and antireso- 
nances (p~9|) and (p0|) , rcnormalized to the condition (|25|) 
in full analogy with Eqs. (J26J) and ([27]) . 



III. QUANTIZED THEORY 

Up to now, we have only considered the relativistic 
quantum theory, not the field operator which corresponds 
to the tachyonic spin-i field. According to the Feinberg- 
Sudarshan reinterpretation principle 15|] , problems as- 
sociated with the violation of causality by the emer- 
gence of tachyonic particles can be overcome. Namely, 
in Ref. 0, the authors argue that a physically "sensi- 
ble" theory is achieved by insisting that the only physi- 
cal quantities are transition amplitudes and a negative- 
energy in (out) state is physically understood to be a 
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FIG. 1: (Color online) Illustration of the Feinberg-Sudarshan 
reinterpretation principle in a Minkowski diagram: The 
primed (moving) frame moves at velocity v with Lorentz 
factor 7 = 1/yl — v 2 . The x[ axis is tilted by the angle 
a — arctan(^/l — 7~ 2 ) with respect to the xi axis, and the 
t' axis is tilted with respect to t by the same angle. Two 
(spacelike, tachyonic) events occur at ti > ti and trans- 
form to t'i < t[ in the moving frame. According to the 
reinterpretation principle, the two events are seen by the 
moving observer as a negative-energy particle annihilation 
event (positive-energy antiparticle creation event) at space- 
time point (ti,x'i). The negative-energy particle is created 
at the point (t'2,X2), which is equivalent to stating that the 
positive-energy antiparticle is annihilated at (t 2 ,x' 2 )- Accord- 
ing to reinterpretation, an antiparticle travels forward in time 
from (£25^2) to (t'i,x'i) in the space-time coordinates of the 
moving frame. In the laboratory (rest) frame, the two events 
are seen as particle creation at (ti,xi) followed by annihila- 
tion at (ta, x%). 



positive-energy out (in) state. This statement is perhaps 
oversimplified and in need of a further explanation. It can 
be understood as follows. Suppose that observer A sees 
event El before E2, and observer B sees event E2 before 
El, because the two events are separated by a space- like 
interval, and the Lorentz transform between the frames 
of observers A and B reverses the time-ordering of events 
El and E2. Then, according to Ref. [l|, the reversal of 
time ordering occurs precisely under the condition that 
the Lorentz transformation between the two frames also 
changes the sign of the energy. So, provided one reinter- 
prets the negative-energy solutions of the tachyonic Dirac 
Hamiltonian propagating backward in time (the antireso- 
nances included) as positive-energy solutions propagating 
forward in time, the creation and absorption of a parti- 
cle can be reinterpreted without further problems if only 
the transition amplitude is unaffected by the reinterpre- 
tation. This point has been stressed in Refs. [H, H| and is 
illustrated in Fig. [1] 

In Ref. Q , both particle as well as antiparticle creation 
and annihilation operators are used in the field operators, 
and in order to ensure Lorentz covariance of the quanti- 
zation conditions, anticommutators are used in order to 



to quantize a scalar field theory. The use of anticommu- 
tators is dictated by the fact that under Lorentz transfor- 
mations, the energy may change sign and therefore, the 
commutator of an annihilation and a creation operator 
would otherwise change sign under a Lorentz transfor- 
mation, which is inconsistent [see Eqs. (4.8) and (4.9) of 
Ref. [f|]. However, for fermions, no such problem arises, 
and we may define the quantization conditions naturally, 
in terms of anticommutators. In Refs. [2, the au- 
thors argue that the field operators for the tachyonic 
field in terms of particle operators alone, which allows 
the authors to quantize the scalar theory using com- 
mutators. Concerning spin-^ particles, the authors of 
Ref. [lH write that in agreement with Refs. [J, Hj], the 
antiparticle operators are not included in their field op- 
erator, since, for tardyons, "they represent an interpre- 
tation of the negative-energy states; thus the inclusion 
of both negative-energy states and antiparticle states is 
redundant. Any reinterpretation principle which views 
the negative-energy annihilation operators as antiparti- 
cle creation operators will exclude the possibility of an 
invariant vacuum state" [see text following Eq. (17) of 
Ref. [12]] ■ In the formalism of [2, H|, antiparticle opera- 
tors have to be inserted by hand into the tachyonic field 
operator, as in Eq. (1.11) of Ref. Q. We explicitly accept 
the Lorentz-noninvariance of the vacuum state in the fol- 
lowing derivation. According to Eq. (5.7) of Ref. [f|, the 
Lorentz transformation of the vacuum state, in this case, 
forces us to occupy all particle and antiparticle states 
whose energy changes sign under the Lorentz transfor- 
mation, in the Lorentz-transformed vacuum state (see 
also Sec. II VI below). 

In foil analogy with Eq. (3.157) of Ref. @, and 
Eq. (17) of Ref. [IH, and in full agreement with the 
Feinberg-Sudarshan reinterpretation principle, we thus 
write the field operator for the tachyonic field as 

+b a (-k)V tT (k)e ihx ] , 



k = (E,k), E = E % = \/ P - m 2 - i e . (28) 

The second term describes the absorption of a negative- 
energy tachyonic particle that propagates backward in 
time which is equivalent to the emission of a positive- 
energy antiparticle propagating forward in time by the 
Feinberg-Sudarshan reinterpretation principle. We thus 
have 

J (0 I E [M*)Z4(fc)e- ifc - a 

+d+(fc)V CT (fc)c ifc -] , (29) 

where d+ creates antiparticlcs. Wc postulate that the 
anticommutators of the tachyonic field operators read as 



7 



follows (Fermi-Dirac statistics) 

{a a (k), a p (k')} = {a+(k), a+{k')} = , (30a) 

{d a {k),d p (k')}= {d+(k),d+(k')} = 0, (30b) 
and the nonvanishing anticommutators are as follows, 

{a a (k), a+(k')} = (-a) (2tt) 3 -5 3 (k - k') 5 ap , (30c) 



{d a {k),d+{k')} = (-a)(2w) 3 ^S 3 (k-k')S ap . (30d) 

This implies that positive-energy states with negative 
chirality (and negative helicity in the massless limit) have 
to be quantized according to the normal Fermi-Dirac 
statistics, whereas the anticommutators of right-handed 
chirality field operators receive a minus sign. We con- 
clude that the norm of the right-handed helicity (positive 
chirality) neutrino one-particle state is negative, 

(31) 



(Mlfc,*) = (0 | Mfc) &+(fc)| 0) 



(0\{b rT (k),b+(k)}\0) = (-<r)V 



E 



where V = (2tt) 3 8 3 (0) is the normalization volume in 
coordinate space. Thus, if the neutrino is described by 
the tachyonic Dirac equation, this implies that right- 
handed helicity neutrino states have negative norm and 
can be excluded from the physical spectrum if one im- 
poses a Gupta-Bleuler type condition (sec Chapter 3 
of Ref. [11]). Furthermore, the norm of the positive- 
chirality antineutrino states also is negative, 



<lfc,<r|lfe,a) = (0\d a (k)d+(k)\0) 



(32) 



(0\{d a (k),dt(k)}\0) = (-a)V 



E 



which implies that antineutrinos can only exist in the 
right-handed helicity state. We remember that right- 
handed chirality implies left-handed helicity for antipar- 
ticles [see Eq. (|12b[) ]. It is then rather easy to calculate 
the matrix-values tachyonic field anticommutator, which 
reads as 

W(x)>( 2/ )} = (0|{V(x)>(y)}|0) 



d 3 fc 



{ e - ik {x - y) (-a) U a (k)®U a (k) 

v) (_</) V CT (fc)®V CT (fc)} , (33) 

where a is the chirality and (g denotes the tensor product 
in spinor space. The following two relations 



(2tt) 3 2E 



+e 



J2(- a ) Z4(fc)®Z^(fc)7 5 = 

(7 

Y / (-<j)Va(k)<E)V a (k) 1 5 ^ 



7 5 m 



2m 
f, + 7 5 m 



2 m 



(34a) 
(34b) 



arc analogous to those that lead from Eq. (3.169) to 
Eq. (3.170) of Ref. 0. Note that the factor -a in these 
equations stems from the quantization conditions (|30[) . 
With the help of Eq. (f3~4"|) , we can thus derive the follow- 
ing, compact result, 

{V(x),^(y)} 7 5 = (0-l 5 m)iA(x~y), (35) 

where A(x — y) is the expression encountered in 
Eqs. (3.55) and (3.56) of 



iA(x-y) 



d 3 fc 1 



(2tt) 3 2E 



-ik-(x-y) _ ik (x-y) 



(36) 



which is centered on the tachyonic mass shell. It follows 
that the equal-time anticommutator reads as 



W(x),^(y)} 7 5 | ;co=yn = -7° d A(x-y)\ Xo= 



y°S 3 



(37) 



with the full, unfiltered Dirac-<5 function and x = (t, r) 
as well as y = (t, s). This is contrast to previous ansatzes 
for tachyonic field theories [H, Q , where the available mo- 
menta were restricted to the domain |fc| > m. We here al- 
low the resonances and antiresonances given in Eqs. (TT9")) 
and (f2"U)) to cover the region |fc| < in. Our compact re- 
sult is obtained because the integration is over all k £ 1R 3 , 
and the time derivative "pulls down" the resonance and 
antircsonance energies from the arguments of the ex- 
ponentials. In passing, we note that because antireso- 
nances propagate backwards in time, whereas resonances 
propagate forward in time, the imaginary parts of the 
resonance and antiresonance energies given in Eqs. (|19p 
and ([20| consistently lead to evanescent waves in the cor- 
responding directions of the arrow of time. 

Furthermore, with the help of Eqs. (|2"9"|) and Eq. ([Ml) , 
after a short calculation, one obtains the tachyonic (T) 
time-ordered propagator which has the representation 



(0|TV(x)V(y)7 5 |0) = iS T (x-y) 



S T {x - y) 



d 4 fc 



-ik-(x-y) 



7 5 m 



k 2 



(38a) 
(38b) 



This is the equivalent of Eq. (3.174) of Ref. HI. As 
usual, the time-ordering in the time-ordered product in 
Eq. (f38|) is with regard to the field operators; the tensor 
product of the spinors is calculated according to Eq. (|34p . 
We have thus solved the problem of the quantization 
of our tachyonic field theory, under the introduction of 
the 7 matrix in our time-ordered product and the nor- 
malization of the spinors as in Eq. (|25[) and the anti- 
commutator relations in Eq. (|30[) . Because the couplings 
of the neutrino involve the chirality projector (1 — 7 5 )/2, 
the 7 5 matrix in Eq. (|38[) can be absorbed in a redefini- 
tion of the interaction Lagrangian. Due to the equality 
7 5 (l±7 5 )/2 = ±(l±7 5 )/2, the chirality projectors are 
invariant under multiplication by 7 s . 
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We can otherwise explore the connection of the tachy- 
onic propagator with the Green function, in a possible 
analogy to the Dirac equation, 



Si 



1 



7 



(39) 



where E is the energy argument of the Green function 
and H§ is the tachyonic Hamiltonian (up to the i e pre- 
scription) . An easy calculation shows that in momentum 
space, with H§ replaces by a ■ k + (3y 5 m 7 



S T (k) 



1 



7 5 to 



7 5 to 



k 2 



(40) 



with f = 7 M A: M . If we introduce the ie prescription as 
before, wc find that 



S T (k) 



1 



ft — 7 5 to 



ft — 7 5 (m + i e) k 2 + m 2 + i e 



(41) 



This result, obtained by the inversion of the kinetic op- 
erator, is in full agreement with the result obtained in 
Eq. (|38[) from the quantized theory. Notably, the expres- 
sion for our propagator is much more compact than that 
obtained from the formalism of Ref. [Hj], where expres- 
sions become rather involved even at intermediate steps 
and the authors do not even proceed to the calculation 
of the propagator [see Eq. (20) of Ref. fl2l]]. 

The compact structure of our propagator hinges upon 
the inclusion of the resonance and antiresonance eigen- 
states of the tachyonic Hamiltonian, which enables us to 
invert the kinetic operator for any fc, even for |fc| < m. 
It is instructive to consider the mixed space-frequency 
representation 



St(E, 



d 3 k 



S T (E,k)e 



i k-(r—r ) 



(42) 



For the photon propagator in the Feynman prescription, 
it is known that the branch cuts of the mixed represen- 
tation arc defined to be along the lines \Zuj 2 + i e with an 
infinitesimal e, and with the branch cut of the square root 
being defined to lie along the positive real axis [3, IH[ . 
For the tachyonic Hamiltonian, the branch cuts extend 
infinitcsimally below the positive and above the negative 
real axis, and contain small sections representing the res- 
onances and antiresonances, with |Im(_B)| < to. As con- 
venient for loop calculations, the branch cuts of the modi- 
fied tachyonic Dirac propagator allow for a Wick rotation 
(see Fig.©. 



IV. INSIGHT INTO LORENTZ INVARIANCE 

Let us consider the process shown in Fig. [1] in closer 
detail and choose the arrow of time as indicated in Fig. [2] 
In the laboratory frame, the particle moves from space- 
time point (ii,xi) to space-time point (£2,22)- We recall 





Im(.E) 






m ! 












Im(oi) 






-ee"'^ 4 









Re(E) 



Re(w) 



FIG. 2: Branch cuts of the tachyonic propagator (|42[) in the 
mixed frequency-position representation (upper panel) and 
(for comparison) branch cuts of the photon propagator (lower 
panel). See text for further explanations. 




FIG. 3: (Color online) Events 1 and 2 seen in the laboratory 
frame. A particle is created at space-time point (ti,xi) and 
propagates to ^2,2:2) where it is annihilated. The creation 
and annihilation operators are b£ and b a . 



the form of the field operator 

+^(fc)V CT (fc)e ifc -] , (43) 
whose Dirac adjoint is 

(44) 



+d a (k)V a (k)c- ik - x 



In momentum space, according to Eq. ()30j) . the ampli- 
tude for creation of the particle at (ti,x\) and annihi- 
lation of the particle at (£2,^2) is proportional to the 
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FIG. 4: (Color online) Events 1 and 2 seen in the moving 
frame, with a Lorentz-transformed vacuum state |f2z,). The 
time ordering is reversed, and the operator b£ transforms into 
an antiparticle annihilation operator d a , whereas b a trans- 
forms into d£ . In order for the matrix element to be Lorentz 
covariant, we must transform the vacuum state |0) — > |fiz,). 




FIG. 5: (Color online) The matrix element describing events 1 
and 2 could also be evaluated in a different way by the moving 
observer. The trajectory is backward in time. Therefore, it 
is an antiparticle trajectory in the moving frame. Using the 
untransformed vacuum, we evaluate, in the moving frame, the 
transition amplitude by the appropriate antiparticle creation 
and annihilation operators. This reverses the ordering of the 
annihilation and creation operators with respect to Fig. U and 
leads to the result given in Eq. (|52[) . 



matrix clement (vacuum expectation value) 

M = (0 \b <T (h)b+(k 2 )\ 0) = {&„(fci), bt(k 2 )} 

= (- (7 )(2 7r ) 3 -6 3 (k 1 -k 2 ). (45) 

TO 

The Lorentz transform of this expression is 

M' = LML- 1 = {Lb a (k 1 )L- 1 ,Lb+{k 2 )L- 1 } 

= (-a) (2nf -5 3 (k[ - k' 2 ) . (46) 

TO 



where L is the representation of the Lorentz transforma- 
tion in the space of the operators, and k[ = (E[, k[) is 
the Lorentz transform of ki = {E\,ki). According to 
Eq. (|5|), E[ can be negative if E\ is positive, and we con- 
sider this situation in the Minkowski diagrams given in 
Figs. [3]— [5j According to Fig. |H the time ordering and 
the sign of the energy is reversed in the primed (moving 
frame) . The Lorentz transform of the corresponding par- 
ticle annihilation operator is thus calculated, according 
to Eq. (4.7) of Ref. 0, as follows, 



Lb^L- 1 =b a {-k' l ) =d+(*i) 



(47) 



i.e. the particle annihilation operator turns into an an- 
tiparticle creation operator. We can easily show that the 
anticommutator is Lorcntz-covariant, 



w ={dt(k[),dt{k' 2 )} 



= (-a) {2^f-5 3 (k' 1 -k' 2 ) 

TO 



(48) 



but we cannot use the vacuum expectation value because 

(0|L6 <7 (A; 1 )L- 1 J L6+(fc 2 )L- 1 |0) = (0 |4(fciK(fe 2 )| 0) = . 

(49) 

The vacuum cannot be Lorentz-invariant. We have to 
transform it according to = L |0), so that 



M'= (n L \d+(K)dAk 2 )\^L) 

= (-a) {2^f^-5\k' 1 -k'. 2 ) 



(50) 



holds. This can be achieved as follows. Namely, ac- 
cording to Eq. (5.7) of Ref. @, the Lorentz-transformed 
vacuum is actually filled with all particle and antiparti- 
cle states whose energy changes sign under the Lorentz 
transformation. Therefore, 



M' = 



(2tt) 3 E 
d 3 k' to 



-(-p)(o\d p (k')d+(k> 1 )d4k' 2 )d;(k')\o) 



7 (-p) 



(2tt) 3 E> 

x (0|{d p (fc'),4(fci)}K(fc 2 ),4(fc')}|0) 



S (-p) (--)^p(2-) 3 -s 3 (k' - A) 

(2^Y E' to 



E' 



x (-cr) 5 a p{2iry —5 3 (k' - k 2 ) 



. a ) (2t:) 3 -5 3 (k[-k' 2 ) 

TO 



(51) 



where the integral over d 3 k' is over those states whose 
energy changes sign and the factor (— p) in the Lorentz- 
transformed vacuum ensures that it has positive norm. 
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(For the sum over the chiralities p of the occupied states, 
we appeal to the summation convention.) This confirms 
that upon acting on the field operators and on the vac- 
uum with the proper Lorentz transformation, the matrix 
M is covariant, but the necessity for a Lorentz trans- 
formation of the vacuum is unsettling. Furthermore, ac- 
cording to Eq. (|50p . in the Lorentz-transformcd expres- 
sion, the creation operator stands before the annihilation 
operator, which is somewhat unnatural. 

Suppose, though, that the moving observer had used a 
Lorentz- invariant vacuum |0) and had evaluated the pro- 
cess according to form-invariant field operators which dif- 
fer from those of the laboratory frame only in the space- 
time arguments. According to Fig. [5J the moving ob- 
server identifies antiparticle creation with momentum k[ 
and antiparticle annihilation with momentum k' 2 . So, the 
amplitude evaluated by the moving observer using shape- 
invariant field operators and a Lorentz-invariant vacuum 
is 

M' = (0 \d a (k' 2 ) dt{k[)\ 0) = (-a) (2n) 3 — S 3 (k[ - %) , 

m 

(52) 

which is exactly equal to the result obtained us- 
ing the Lorentz-transformed vacuum, and the Lorentz- 
transformcd field operators. 

We here conjecture that a generalization of this state- 
ment should hold, namely, that the Lorentz-transformcd 
probability amplitude for any process, calculated using 
shape-invariant field operators for the tachyonic field 
(where creators and annihilators retain their entity and 
only the space-time arguments are transformed) is equal 
to the amplitude calculated using Lorentz-transformcd 
field operators (which mix creators and annihilators) and 
the Lorentz-transformed vacuum. In this context, it is in- 
structive to observe that the form of the tachyonic prop- 
agator given in Eq. ()38p involves only Lorentz-invariant 
quantities. 

V. NEUTRINOLESS DOUBLE BETA DECAY 

Finally, let us briefly comment on charge conjugation. 
It is known and relatively easy to show that the (ordi- 
nary, tardyonic) Dirac equation is invariant under charge 
conjugation, provided one changes the sign of the charge 
e — > — e when describing the antiparticle. For neutral 
particles, the Dirac equation thus is fully charge con- 
jugation invariant. Therefore, it is possible to construct 
Majorana solutions which are invariant under charge con- 
jugation. For the masslcss Dirac equation, we have 

*+(*) = u {+) (k)e- ihx + (-v_(k))e ik -* , (53) 

which is invariant because 

*%(x) = C^+(x) T 

= Cu+(k) T c ik - x + C (-v-(k) T )c- ik - x 

= (-v-(k))e ik - x + u+(k)c- [k - x = *+(x) . (54) 



However, the tachyonic Dirac equation is not charge con- 
jugation invariant but changes [H under char ge conju- 
gation to 

(i 7 ^ I + 7 5 m)?/> C (x) =0, (55) 

i.e., the sign of the 7 5 term reverses its sign. This is be- 
cause the tachyonic Dirac equation is CV, and T invari- 
ant, but not C invariant [22j]. It thus describes a tachyonic 
fcrmionic field with particle and antiparticle states which 
are manifestly different. It is rather straightforward to 
calculate the properties 



U c + (k) 


= CU+{k) T 


= U_(k), 


(56a) 


WL{k) 


= CU-(k) T 


= U+(k), 


(56b) 


V c + (k) 


= CV+(fc) T 


= V-(k), 


(56c) 


V c _(k) 


= CV-(k) T 


= v+(fc), 


(56d) 



which hold for the solutions of the tachyonic Dirac equa- 
tion. Particle solutions are not transferred to antiparticle 
solutions by charge conjugation, but rather, to solutions 
with the opposite chirality, in full agreement with the 
relation of Eq. ([2]) to (|55|) [7 5 -> — 7 5 ]. It thus seems un- 
likely that one could modify the tachyonic Dirac equation 
such as to allow for charge conjugation invariant solu- 
tions, or, to construct a Majorana field from the solutions 
of the tachyonic Dirac equation. Neutrinoless double de- 
cay thus is not allowed if we assume that the neutrino is 
described by the tachyonic Dirac equation. 

VI. CONCLUSIONS 

Let us summarize a few observations made in our in- 
vestigations. Feinberg [f| noted that if one writes the 
field operator with creation and annihilation operators, 
then it is impossible to impose anticommutation relations 
for the field operators, because under a Lorentz transfor- 
mation, creation operators may transform into annihila- 
tion operators and vice versa, which reverses the sign of 
the quantization condition if commutators are used [see 
Eq.(4.8) of Ref. @]. He therefore suggested to quantize 
a scalar, tachyonic theory using anticommutators, effec- 
tively imposing Fermi-Dirac statistics onto scalar parti- 
cles. Alternatively, we may interpret the necessity to 
invoke anticommutators instead of commutators for the 
quantization of a tachyonic theory as suggesting that only 
fermions are suitable candidates for tachyonic particles. 
This observation applies to the neutrinos which are spin- 
^ particles. 

We here introduce the tachyonic Dirac equation 
[Eq. ([2])] which is obtained from the ordinary (tardy- 
onic) Dirac equation by a matrix-valued representation 
of the imaginary unit i — > (3 j 5 . The spinor solu- 
tions to the equation have some peculiar properties and 
normalizations and imply special anticommutation rela- 
tions pop which imply that the right-handed neutrino 
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states have negative norm [see Eq. (|3T|) ] . Such states, for 
the indefinite-metric photon field, are excluded from the 
physical states by a Gupta-Bleuler type condition while 
being present in the propagator. This observation ap- 
plies to the neutrinos which have never been observed in 
right-handed helicity states. 

The tachyonic Dirac equation implies to particles 
which cannot be stopped; they remain superluminal in 
any subluminal reference frame. The rest frame is that 
of infinite velocity [sec Eqs. (|22[) and ([25)) ]. The charge 
conjugate of the tachyonic Dirac equation implies that 
the antiparticles of particles described by the tachyonic 
Dirac equation differ only in the sign of the chirality, or 
helicity [cf. Eqs. © and ([55])]. Furthermore, the tachy- 
onic Dirac equation is CP invariant, where we observe 
that the parity transformation again restores the origi- 
nal sign of the chirality. This observation applies to neu- 
trinos and antineutrinos which differ in the sign of the 
helicity and have never been observed at rest. 

We have therefore carried out a more detailed analysis 
of the spinor solutions of the tachyonic Dirac equation 
(Sec. |n]), before quantizing the theory in Sec. IIII1 us- 
ing anticommutators. Further considerations regarding 
the problematic Lorentz covariance of the vacuum state 
and possible solutions of this problem are described in 
Sec. IIVI Finally, in Sec. |V] we conclude that if the neu- 
trino is a tachyonic Dirac particle, ncutrinoless double 
beta decay is forbidden. 

A few remarks on the experimental status are in order. 
All of the following remarks are somewhat speculative at 
the current time and should thus be taken with a grain of 
salt. The general trend is measurements of the neutrino 
mass square points to negative (tachyonic) values. By 
inspection of neutrino data [34l - l42l |46| (for a summary 
overview see (47j). one may conclude that neutrinos at 
higher energy (in the GeV range) exhibit a larger tachy- 
onic mass square than those observed at low energies (in 
the keV range). The trend of all data is toward nega- 
tive values of the mass square. If the trend is the data 
is confirmed, it implies a "running" of the effective neu- 
trino mass with the energy, which we shall not discuss 
in any further detail here. (The neutrino mass running 
might otherwise suppress conceivable decay processes of 
the Cerenkov type, because the neutrino mass in the final 
state of the decay process may substantially differ from 
the effective neutrino mass in the initial state of the decay 
process.) 

The trend in the observed neutrino masses [3^ - l42l . |46| 
implies that the neutrino approaches the light cone closer 
and closer as its energy decreases, because its effective 
tachyonic mass tends to small values (in the eV range) 
for a total neutrino energy in the keV range [36l - [39| . Even 
in the GeV range, the deviation toward superluminal ve- 
locities is "only" in the range of a few parts in 10 5 (see 
Refs. [H|, HH). The conceivable violation of the causal- 
ity principle implied by the small deviation of the prop- 
agation velocity toward superluminal velocities is thus 
restricted to small kinematic regions, but still causes 



a number of fundamental concerns. Tachyonic theory, 
including the reinterpretation principle discussed in the 
current paper, may solve a number of these issues. One 
may speculate about possible restrictions on "allowed" 
violations of the causality principle observed in sublumi- 
nal reference frames. For instance, one might conceive 
that violations of the causality principle could be subject 
a generalized "uncertainty principle" which describes the 
allowed deviations from the velocity of light for particles 
in a specific energy, or frequency range. 

Sudarshan is being quoted in [l5j] with reference to 
an imaginary demographer who studies population pat- 
terns on the Indian subcontinent: "Suppose a demogra- 
pher calmly asserts that there are no people North of 
the Himalayas, since none could climb over the moun- 
tain ranges! That would be an absurd conclusion. Peo- 
ple of central Asia are born there and live there: they 
did not have to be born in India and cross the mountain 
range. So with faster-than-light particles." If neutrinos 
are faster-than-li ght par ticles, then, since the deviations 
from c are small [3J, [3a], it might well be possible that, 
figuratively speaking, we are allowed to "summit" and to 
take a glance over the top of the mountain range, but not 
much more. Furthermore, if we try to do so over longer 
time intervals, i.e., at smaller energies, then the decrease 
of the effective neutrino mass with the energy implies 
that we are less and less allowed to do. Further consider- 
ations on these issues are beyond the scope of the current 
article. Again, the statements in the last three paragraphs 
above are somewhat speculative and should be taken with 
a grain of salt; they still seem to be in order in view of a 
topical experimental result JsH l. 

Note added. The tachyonic Dirac equation naturally 
implies a physically different behaviour of the chirality 
components of the neutrino field. The same observation 
has been made, based on different arguments, in the re- 
cent preprint by Dartora and Cabrera, The electroweak 
theory with a priori superluminal neutrinos and its phys- 
ical consequences, arXiv: 1112.3050vl. 

Finally, a technical note: The presence of the 7 5 ma- 
trix in the time-ordered vacuum expectation value in 
Eq. p8ap can otherwise be understood as follows. With 
the ie prescription, the energy-momentum representation 
of the tachyonic propagator in Eq. (|38b[) reads 



S T (k) 



1 



— 7 5 m (1 + i e) 



(57) 



This implies a compact energy-momentum space repre- 
sentation for the vacuum expectation value of the time- 
ordered product (without 7 s ): 



(0|TV(x)^)|0) = 



d 4 fc 



-ik-(x-y) 



(2tt) 4 <y5#- 771 (1 + ie) 



, (58) 



where we observe that the integrand simplifies to 
l/( 7 5 /^ — m) without the ie prescription. 
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